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Abstract. We consider the system of functions, which are the root functions of one nonlocal spectral
problem. It is introduced the concept of t-basis, induced by some tensor product. It is established the
t-basisity of root functions for Bochner space L, (J; X), 1 <p < +oo, if X is UMD (Unconditional
Martingale Difference) space, where J = (0,2m). For this goal we firstly define the concept of ¢-
Riesz property for classical trigonometric system and prove that if X is UMD space, then the
trigonometric system has t-Riesz property in L,(J; X), 1 < p < +oo.
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1. Introduction. Banach valued differential equations have applications in various areas of
mathematics such as partial differential equations, stochastic evolution equations, harmonic analysis,
spectral theory of linear (in particular of differential) operators and etc. By this reason the interest to
the X-valued differential equations very hight. This theory in one variable case sufficiently well
developed (see, e.g. the monographs [1-7]). In connection with the development of analysis in Banach
spaces it began to be studied solvability questions of X-valued differential equations in many variable
case (see, e.g. the works [8-15, 19- 21]).

We consider the system of functions, which are the root functions of one nonlocal spectral
problem. It is introduced the concept of t-basis, induced by some tensor product. It is established the
t-basicity of root functions for Bochner space L, (J; X), 1 <p < +oo, if X is UMD (Unconditional
Martingale Difference) space, where J = (0,2m). For this goal we firstly define the concept of t-
Riesz property for classical trigonometric system and prove that if X is UMD space, then the
trigonometric system has t-Riesz property in L, (J; X), 1 < p < +o.

Note that UMD property for B-space X provides boundedness for many operators of harmonic
analysis in Bochner spaces. And this in turn allows us to generalize the concept of a basis in the
context of a Banach tensor product and to prove that the classical exponent system and their
generalization Faber polynomials form basis for corresponding Bochner spaces in this sense. Using
these results in works [16-18] it is given the X-valued analogues of Hardy and Smirnov classes of
analytic functions and it is established some basic properties of these classes.
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2. Preliminaries.

2.1. Notations. Accept the following notations. N — natural numbers; Z, = {0} U N; R — real
numbers; C — complex numbers; J = (0,2m); I = (—m, ). L[M] is a linear span of M; M is a closure
of M; B-space will be a Banach space. |I-|lx will stand for the norm in X. By [X; Y] we will denote a
B-space of bounded (linear) operators from X to Y with [X] = [X; X].

2.2. t-basis properties. t-basis from exponents. Let X,Y,Z be B-spacesand t: X X Y — Z be
a bilinear operator satisfying the following condition 386 > 0: 5 Il x lixll y Iy <l t(x;y) ;< 671 |
xlxlly lly, V(x;y) €EX XY.

For simplicity, future presentation accepts the notation xy: = t(x; y) forevery (x;y) E X XY,
We denote t-span of M by L.[M] for the set M c Y and define it as
Le[M] = {z € Z:3{(xi; yi)}1° C X XM = z = 3% xe ¥}
Let ¥ = {yi}xen € Y be some system. Accept the following concepts.
System y is t-complete in Z, if L[] = Z (closure is taken in Z).
The system of operators {t,}neny € [Z; X] is called t-biorthogonal to y c Y, if t,(xyx) = x6ns,
Vx € Xvn, k € N.
The system y c Y forms t-basis for Z if ¥z € Z has a unique expansion in the form

oo

z= Z XkYk»

k=1

with {x; }xeny € X.
We call a triple (X;Y; Z) be ty-invariant if {(x;; 7))} S X X Y: X .5 =0 = Y 9F)x, = 0,
vy eY™.
Triple (X,Y,Z) is t-dense if L[X x Y] = Z (closure is taken in Z).
The following criterion for t-basicity is valid.
Theorem 2.1 Let the triple (X;Y; Z) be ty-invariant and t-dense. Then the system y forms a t-basis
for Z if and only if the following assertions hold:
* (i) y is t-complete in Z;
« (ii) ¥ has t-biorthogonal system {t,}nen < [Z; X];
* (iii) the projectors {Py}men:

m

P.(2) = z t.(Dyn  Vz€ZVmEN,

n=1
are uniformly bounded, i.e. sup Il By, lljz1< .
m

We consider Z as the some Banach tensor product X®Y of B-spaces X and Y. Denote the
algebraic tensor product of XY by X @ Y and the elementary tensor product of elements x € Xy € Y
by x @ y. In this case, it is obvious that the triple (X; Y; Z) ist — dense and t, — invariant regarding
the bilinear map t(x,y) = x ® y. Thus, according to the Theorem 2.1 we have the following

Corollary 2.2 Let X;Y be B-spacesand Z = X ® Y. Then the system y c Y forms t — basis
for Z if and only if the assertions (i) — (iii) of Theorem 2.1 hold.
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2.3. Bochner Spaces and UMD Space. Let (S, A, u) be a measure space and X be B-space.
As usual, denote by L,,(8; X), 1 < p < +oo, the Bochner space generated by measure space (S; A; u)
with norm

1
I f I, s:0= (f Il f 1P du)p.
s

The Bochner space L, (y; X) is defined similarly. We identify the segment I, and unit circle y by
mapping e't: I, — y. This allows us to identify also the spaces L,(Io; X) and L, (y; X).

We provide the definition of the UMD property and the associated space.

Definition 2.3 A Banach space X is said to have the property of UMD, if for all p € (1, ) there
exists a finite constant f = 0 (depending on p and X) such that the following holds: whenever
(8;A; p) is a o — finite measure space, {F,}N_, is a o — finite filtration and {f;,}_, is a finite
martingale in L, (S; X), then for all scalar |&,| = 1,n = 1,N; we have

N N
1) endfu 0= A1) dfy iy
n=1 n=1

where df,, = f, — fn—1 IS a martingale difference.

Let the set of all B-spaces that possess the UMD property be denoted by the symbol UMD.

To establish an analogous of the classical Fatou’s theorem regarding harmonic functions on w, we
will need the following lemma from the monograph [21] (see p.127, Lemma 2.5.8).

Lemma 2.4 [21] Let g € L'°°(R; X) and a € R and define f: R — X by

o= gris

Then the weak derivative df and almost everywhere derivative f' of £ both exist in L{°°(R; X) and
are given by the of = f' = g.
The set of all X-valued trigonometric polynomials B,: I, — X of the form

n

P,(t) = Z ae't,

k=—n

with coefficients {a;} c X, denote by P (X).
The following proposition is valid.

Proposition 2.5 Let X be a B-space. Then P(X) = L,(ly; X),1 < p < ) (closure is taken in
L, (Ip; X)).
We define on P (X) the multiplier operator m: P (X) — L, (Io; X) by expression

(mP)(t) = P(t) = —i ) sign(k)a,e™t,
;; ’
where

P(t) = 2 aettt € P(X),
kEZ
and
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1, ifk > 0,
sign(k) = {0, ifk = 0,
-1, ifk <O.

We also consider the subspace LY, (Io; X) of L, (Io; X) defined by

LY(Io; X) ={f € L,(Io; X): | f(t)dt =0}

Io

Let H be the X-valued Hilbert transform on R:

1
@dy,xeﬂ%{,

HAE) =~

R

defined in a singular sense. The following H-characterization of UMD property is known.
Theorem 2.6 [Burkholder-Bourgain] Let X be a B-space p € (1, o). The following assertions are
equivalent:

- X € UMD;
- H € [L,(R; X)].

In future, we strongly will use the following proposition.

Proposition 2.7 Let X be a B-space p € (1,). If H € [L,(R; X)], then m € [L}(I; X)]m €
[Lp(IOZX)]'

Further details regarding these and related results can be found, for example, in the monograph [21].
In what follows, for function f € L, (I,; X), we denote by {f;}xez (also written as {t, (f)}xez) the
sequence of its X-valued Fourier coefficients, given by

. 1 .
fo=te(f): = %ff(t)e“ktdt,k € Z.
J

In work [6], the following theorem is proved.
Theorem 2.8 [6] Let X € UMDp € (1, ). Then the exponential system & = {e!™},,; forms t-
basis for L, (Ip; X), i.e. Vf € L, (Io; X) has a unique expansion in the form

f() = Znez fue™, (2.1)

in L, (Io; X). Moreover, for vm € Z, the following series
REAO =fi® = ) fre™™,
n=m

RefO) = ()= ) fae™,

n=—oo

also converges in L, (Iy; X) (so-called t-Riesz property) and RE € [L,(Io; X)].
2.4 t-basicity of trigonometric system. t-Riesz property
Consider the following classical trigonometric system
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{%, cosnx, sinnx} ) (2.2)

neN

Let f € L,,(J; X). Denote by {£,°, fu°Inez, the Fourier coefficients of f on (2.2):

vE(f) = fif = %fozn f(O)cosnt dt, n € Z,;
2.3)

vi(f) =ff == [T f(t)sinnt dt, n€N.
and denote by

n
1. . .
SO =5 /o + z (fcoskt + fissinkt), k€N,
k=1

the Fourier sums of f. Paying attention to the expression

N 1 2T
fe=ng) fOE 0 kez
we obtain
5.0 = z foetkt = f, +Z f.(coskt + isinkt) +Z f_(coskt — isinkt)

k=—n k=1

z [(Fe + Foi)coskt + i(f — fp)sinkt],
k=1

and in result it is true the relations between Fourier coefficients
fof =2fo, fE=Ffe+ o AE =ik —fr) keEN.
Conversely, it holds
c £ 1.2 c P £ £ 1 £c c£S
fozifo; fk:E(fk _lfk)' f—k:E(fk ‘ka)r k € N.

Consequently, from these relations and from Theorem 2.8 follows the validity of the following
Proposition 2.9 Let X be UMD space. Then the trigonometric system (2.2) forms t-basis for
Ly(J;X), 1 <p < +oo.

It is obvious that f(-) € L,(I; X) & f(- —m) € L,(J; X), and it holds

I fQ) ”Lp(I;X):" f(—m) "Lp(J;X)'
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Taking into account this relation we obtain that the Proposition 2.9 is equivalent to the following
Proposition 2.10 Let X be UMD space. Then the exponential system £ and at the same time the
trigonometric system (2.2) forms t-basis for L,(I; X), 1 <p < +oo.

Let the system (2.2) forms t-basis for L, (I; X). Assume

Ly (I X) = Le[{cosnt}ne, |;

Ly (I; X) = L¢[{sinnt},ey].
Take Vf € L,(I; X) and represent it in the form

f@=rO+f @,

where

£ = LOYEY e

2
(2.4)

f—(t) — f(t)_zf(_t) _ Odd,

parts of f. It is evident that
fO Ly X) & f(=) € Ly(L; X).

Paying attention to this relation from (2.4) follows f* € L, (I; X). Expanding f(-) on the basis (2.2)
we have

1 co
f()=S() = Efoc + Z (fifcoskt + f,°sinkt).
k=1

Since f~(+) isodd and f*(-) is even functions we have
1 - 1 n
SEP) =3+ ) ficcoske = 5vs(f)+ ) vé(F)coske
k=1 n k=1
1 C(ft crft+
=SS )+Z vE(fH)coskt
n k=1 n
1
+5UE(F) + kz vE(f)coskt = v (F*) + ,Z vE(f F)coskt
=1 —1

=vs(fF) + Z [vié (f P)coskt + v (f F)sinkt] = S, (f*), vn € Z,,
k=1

here we took into account that v’ (f*) = 0, vk € N. From here we obtain the sequence {S5(f)}nez,
converges in L, (I; X) (namely, S5(f) = f*, n — o).
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Analogously, it follows
n n

n n

SS(F) = z fSsinkt = z v (f)sinkt = vE(f) + z v (f)coskt + Z v (f)sinkt

k=1 k=1 k=1 k=1
=S5, (f7), VvneN

(where we took into account that v,{ (f~) = 0, Vk € Z,). Consequently, S;(f) = f~, n = o, in

L,(I;X), and let

1 co
S =305 + ) vE(coskt,
k=1

SS(f) = Z v (f)sinkt.
So, itis true =
f=SU)=S)+S°(f), Vf €Ly X). (2.5)

It is not hard to see that S°(f) € L5, (I; X) and S°(f) € Ly (I; X). Moreover, it is true
L5 (1; X) n L (I; X) = {0}.

Then from (2.5) it follows that the subspaces L7, (I; X) and L3, (I; X) are complemented in L, (I; X)
and it holds the direct sum

L,(I;X) = L5(I; X) + L (I; X). (2.6)

Let’s accept the following
Definition 2.11 We will call that the t-basis (2.2) for L,(I; X) has t-Riesz property in L, (I; X), if
there exists a constant € > 0, such that

I Sa(F) @0 C U f ll,ax)

I Sa() 0= C U ll,ax),
Vf €L,(;X), vn€N.
From above reasoning the following proposition follows.
Proposition 2.12 Let X be UMD space. Then the t-basis (2.2) for L,(I;X), 1 < p < +oo, has t-

Riesz property in L, (I; X).
3. Main results. Consider the following system

{un (0 Uns1(X) Inez, (3.1)

where
ut (x) = cosnx, u,,,(x) =xsin(n+ 1)x, n €.
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This system is a set of all root functions of the following nonlocal spectral problem
u'(x) + A2u(x) =0, 0<x<2m,
u(0) = u(2m), u'(0) =0.

The main characteristic of this problem is that it has infinitely many associated functions. We will
investigate t-basis properties of the system (3.1) in L, (J; X).

3.1 t-biorthogonality property of the system (3.1)

Let

+ 21 + mT—X
Po () =——75 ¢i(x) = —7—coskx;

1
o (x) = ;sinkx, k € N.
Consider the following operators

t) = 7 F)ei(x) dx, k € Zy;
(3.2)

te () = [ F)@i(x) dx, k €N.

It is obvious that there exist C > 0, such that

HEE xS C U f gy, Y €L, X), V.
From here immediately follows {t,‘f} c [L,(J; X); X]. For elementary tensors of the form ) =
ui() ® a, a € X, we have

tl-cl-(fn+) = 6kna; tlj(fn_—l) = 0, Vk,n € Z+;
te(fih) =0, ti(fy) = 6kna, Vk,n€N.

Consequently, the system of operators {t{; ti.1}keny IS @ t-biorthogonal to the system
{Uf; U4q}ren, i-€. itisvalid

Lemma 3.1 The system of operators {t;,; tiy1}ren and {u;; ur_;}xey are t-biorthogonal systems
with respect to L, (J; X).

3.2 t-Completeness. From Proposition 2.5 follows that the algebraic product C;°(J) ® X is dense
in L, (J; X). Thus, it is sufficient to prove that every elementary tensor g(-) ® a, where g € Cy°(J)
& a € X, can be approximated by ¢-linear combination of the system (3.1) in L,,(J; X). In turn, for

this it is sufficient to prove that g € L[(3.1)] (the closure is taken in L, (J)). And this immediately
follows from the results of the works [22, 23]. So, it is valid the following
Lemma 3.2 The system (3.1) is t-dense in L,(J; X), 1 < p < +oo.
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3.3 t-basicity of the system (3.1). And now, let’s prove the following main theorem.
Theorem 3.3 Let X be UMD space. Then the system (3.1) forms t-basis for L,,(J; X), 1 < p < +oo.

Proof. Paying attention to the Lemma 3.1 and Lemma 3.2, according to the t-basis criterion it is
sufficient to prove that the projectors

n

P (f) = Z tF (f)coskx + z t2 (f)sinks,
k=1

k=0

vn € Z,,Vm € N, are uniformly bounded, where the operators {t;—’} are defined by expressions (3.2).
From these expressions we have

1 1
(D = =96 () = —9(9);

L (f) =9 (f), VkEN,

where g(x) = (2 — x)f(x), x € J, and {I,°(-); 9,5 ()} are Fourier coefficients on the system (2.2).
Taking into account t-Riesz property of the system (2.2) in L, (J; X), we obtain

1
I B (f) N, g50= ) 19" (9) N, %)

+

Z 925 (f)sinkx

k=1

1
+—
T

n

z 9y (g)coskx
k=1 Lyp(J;:X) Lp(J:X)

< const(ll g IILp(J;X) +Il f IILP(J;X)) < const || f ”Lp(J;X)' vn € Z,, vm € N.
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