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Abstract. In this article, we discussed the third version of weak modified Orlicz-Morrey spaces,
which is an enlargement of the third version of (strong) modified Orlicz-Morrey spaces. Similar to
its first version and second version, the third version of strong and weak modified Orlicz-Morrey
space is considered as a generalization of strong and weak Orlicz spaces and strong and weak
modified Morrey spaces. This study investigated some properties of the third version modified
Orlicz-Morrey spaces. AMS Mathematics Subject Classification: 42B20, 42B25, 42B35; 46E30
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1.Introduction. As is well known, Morrey spaces are widely used to investigate the local
behavior of solutions to second order elliptic partial differential equations (PDE). Recall that the

classical Morrey spaces M IO’A(R") and the modified Morrey spaces M IO’A(R") are defined as
follows:

Y
M “(R”)_{f e L2R):|f],,.. = s [ ¥ ls oy < oo}

and
A
M "“(R")={f e LelR o = s (P11 Fagery <oo}

respectively, where [r], =min {L,r},0<A<n,1< p<c. The space M p’i(Rn) is an extension of
the space Lp(Rn) in the sense that M p’O(Rn)= Lp(Rn) and M p’n(Rn)= Lw(Rn). Moreover,
M p’i(Rn)= M M(Rn)ﬂ Lp(Rn), see [1, 4, 5, 6]. Here and everywhere in the sequel, B(x,r) is the
ball in R" of radius r centered at x and |B(X, r} =V, r" is its Lebesgue measure, where V, is the
volume of the unit ball in R".

By WM P (Rn) and WM P* (Rn) we denote the weak Morrey space and the weak modified

Morrey space defined as the set of functions f in the local weak space WLEC(Rn) for which

A
” f ”WMp.z = ) Sl'njp rP ” f ”WL"(B(x,r)) <>
eR",r>0
and
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A
” f ”WMP'A‘ - Slﬂp [r]lp ” f ”WL"(B(x,r)) <%
xeR",r>0

1
respectively, where || f ||WLp(B(X 0= sup t‘{y € B(X, r) X | f (y)‘ > t}ﬁ_
' t>0

Orlicz spaces are a generalization of Lebesgue spaces L!, see [12, 13]. They are useful tools
to study harmonic analysis and its applications. For example, the Hardy-Littlewood maximal
operator is bounded on L* for p > 1, see [9, 10] and [2] for more precise statements. On the other
hand, Morrey spaces was introduced by Ch. B. Morrey to estimate solutions of partial differential
equations. After that there are many papers about Morrey spaces. For example, the boundedness of
the Hardy-L.ittlewood maximal operator, fractional integral operators and smoothness properties of
solutions of PDE are studied by many mathematicians.

In [3], the generalized Orlicz-Morrey space MCD‘”(R") was introduced to unify Orlicz
spaces and generalized Morrey spaces. Other definitions of generalized Orlicz-Morrey spaces can
be found in [11, 14]. In works of [7], generalized Orlicz-Morrey space is the third kind and the
ones in [11] and [14] are the first kind and the second kind, respectively. Notice that the definition

of the space of the third kind relies only on the fact that L’ (R") is a normed linear space, which is
independent of the condition that it is generated by modulars. These spaces are one of the
important topics in mathematical analysis, particularly in harmonic analysis. There are three
versions of Orlicz-Morrey spaces, i.e: Nakai’s, Sawano-Sugano-Tanaka’s (Gala et al., 2015 ) and
Deringoz-Guliyev-Samko’s (Deringoz et al., 2015) versions.

There are three versions of Orlicz—Morrey spaces. In this article, we focus on the third
version of the modified Orlicz—Morrey and the weaker modified Orlicz—Morrey spaces, which
extend the third version of the classical Orlicz—Morrey spaces. As in the first and second versions,
the third version of the strong and weak Orlicz—Morrey spaces serves as a unifying framework that
generalizes the strong and weak Orlicz spaces, the strong and weak Morrey spaces, and their
generalized counterparts.

In this manuscript, the authors investigate the third version of weak modified Orlicz—
Morrey spaces, which extends the corresponding third version of modified Orlicz—Morrey spaces.
Similar to the first and second versions, the third versions of both strong and weak modified
Orlicz—Morrey spaces serve as generalizations of the classical strong and weak Orlicz spaces as
well as the strong and weak modified Morrey spaces. This study examines several fundamental
properties of the third version of modified Orlicz—Morrey spaces.

By A<B we mean that A<CB with some positive constant C independent of appropriate
quantities. If ASB and B <A, we write A = B and say that A and B are equivalent.

2 On Young functions and Orlicz spaces. We recall the definition of Young functions.
Definition 2.1. A function @:[0,0) —[0,] is called a Young function if @ is convex, left-

continuous, IimOCD(r): ®(0)=0 and lim ®(r)=oo.

From the convexity and @(0)=0 it follows that any Young function is increasing. If there
exists s e (0,) such that a(s)= o, then @(r)=c for r 2 s. The set of Young functions such that
0<d(r)<eo for O<r<ow

will be denoted by Y. If ® €Y |, then @ is absolutely continuous on every closed interval in [0, o)
and bijective from [0, o) to itself. For a Young function @ and 0 <s <o, let

O7(s)=inf fr>0:d(r)>s}.
If ® €Y ,then @ isthe usual inverse function of @ . We note that

(D(CD*l(r))S r< d)*l(CD(r)) for 0<r<oo.
It is well known that
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r<o(r)o(r)<2r for r>0, 2.1)

~

where CD(I’) is defined by
()= {sup {rs—(s):s €[0,)}, re[0,)
0 , =0

A Young function @ is said to satisfy the a,-condition, denoted also as
DeA, If
®(2r)<Co(r), r>0
for some C>1.If ®ca,, then ® €Y . A Young function @ is said to satisfy the v,-condition,
denoted also by @ e v,, if

o(r)< %(D(kr), r=o0,

for some C >1.
A Young function @ is said to satisfy the A’-condition, denoted also as
deA,if
D(tr) < Co(t)d(r), t,r>0
for some C > 1.
Note that, each element of A’-class is also an element of A, -class.

Remark 2.2. Let ® € A', then we have
D(tr)<Co(t)d(r), t,r=0.

If we set ot)=u and @(r)=v we get q)(d)fl(u)d)*l(v))ﬁ Cuv= d)’l(u)q)*l(v)s,
CD*l(CUV)S CO ™ (uv), since ® €Y and & is concave.
Definition 2.3. (Orlicz Space). For a Young function @, the set

Lq’( ")= {f el (R “): Iq)(k|f(x)()dx<oo for some k >0}
i
is called Orlicz space. If ®(r)=r",1<p<m then L(D(Rn)= Lp(Rn). If @(r)=0,(0<r<1) and
®(r)=o0,(r >1), then LCD(Rn)= Lw(Rn). The space Lﬁc(Rn) is defined as the set of all functions f

such that fy, e L” (Rn) for all balls B R". L(D(Rn) is a Banach space with respect to the norm

= inf {/1>0 I@[ i )‘deq}

We note that

j @[ de 1 (2.2)

Lemma 2.4. [3] For a Young function @ and B =B(x,r), the following inequality is valid

[ < 2B 10 (B )l
Definition 2.5. Let @ be a Young function. The weak Orlicz space is defined

W)= < ()
where

| £l o =inf {/1 >0:sup q)(ijdf (t)sl},
t>0 /1

f.

WL“’ }
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and d (t)=‘{X€RnZ|f x]>t}<.

Lemma 2.6. If 0<||f|, o, <o, then
sup q{ t ]df(t)gl_ (2.3)
0 ” |WL“’

Proof. By the definition of |-|, ., for all 2>|f], . we have d)(%jdf (t)<1 vt>0. Now as

/ decreases to | f . By the left-continuity of @, we have

. t .
e the quotlent Z Increases to

_t

[ *llee

( jTCI{” ” ] Therefore we get the desired result. By elementary calculations we have the
wL®

following.

Lemma 2.7. Let @ be a Young function and B asetin R" with finite Lebesgue measure. Then
1

el o =178l ZW-

The following theorem is an analogue of the Lebesgue differentiation theorem in Orlicz
spaces.

Theorem 2.8. [8] Suppose that @ is a Young function and let f € L(D(Rn) be nonnegative. Then
er

lim (l)nf u

o HzB ()|l

If we moreover assume that ® € A, then

lim inf H
o0 “zB ()|

3 Modified Orlicz-Morrey Spaces
Definition 3.1. For a Young function ® and 1R, we denote by I\/ICM(R”) the Orlicz-

Morrey space, defined as the space of all functions f € LTZC(R”) with finite quasinorm
[Fhys = s @) frogen,

Note that M **(R"),,= L*(R") and m®#(R" )

> f(x), foralmostevery x < R".

= f(x), foralmostevery x e R".

(D(t):tp_ M pﬂ(R )

Definition 3.2. For a Young function ® and ieR, we denote by M M(R”) the modified
Orlicz-Morrey space, defined as the space of all functions f € sz,c(Rn) with finite quasinorm
[#fe: = st @ (" tragenl,

Note that M“(R |.0=L*(R") and M ®+(R" )

D(t)=tP =M pA(R )
Definition 3.3. For a Young function ® and AeR, we denote by WM cI)’/1(Rn)the weak

Orlicz-Morrey space, defined as the space of all functions f eWLf;c(R”) with finite quasinorm

A
||f||WMcp‘z = SR[;|p O(D_loB(X, I’Xn]

Definition 3.4. For a Young function ® and ieR, we denote by LM q"’l(Rn)the local
76
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Orlicz-Morrey space, defined as the space of all functions f € sz,c(R”) with finite quasinorm
H f ‘ Mo SUE q)*l(r*”]
r>

Note that LM *(R") o= L*(R") and Lm**(r")
The following statement is trye.

Lemma 3.5. If ® €A’ then M q”"(R"): Lq’(R”)m L°°(R”) and
~mex{f|..[f]. |

Proof. Let f € L(D(R”)m Lw(R”). Then

R 1N A B T I U A R DA
xeR",r>0 xeR",0<r<1 xeR",r>1
- max{ sup cD‘l(r‘“) ) o @) | (xr) Lq)}
xeR",0<r<1 xeR",r>1
Losp (g

D sup H e r
<maxil,. s o0 @l
xeR",0<r<1

<max ], f].

which implies | £, <max{/f]...|f

D(t)=tP =LM p/l(R )

o

Now let f e M cD’”(R”) Theorem 2.8 implies that |f(x) <|

oo for almost every x e R",

. It also follows from the definition of modified Orlicz-Morrey

which means that ||f

spaces that | f
Therefore,
e ]l < e
In the following we denote by ® the set of all functions equivalent to 0
on R".
Lemma 3.6. Let @ be a Young function. If <0 or 2>n and ® € A", then M (M(R")z ©.

Proof. Firstlet A <0 and f € MM(RH). Forall xeR" and r >0 we have

f ®,2

HfZB )l = H’\:T)'
which |mpI|es that || f|. =lim| fre,|. =0= f(x)=0, for almost every xeR", since
lim @ (r)=oo.

Now let 2>n and f € MM(RH). Forall xe R" and r >0 we have from Remark 2.2 and
Theorem 2.8
. & TIPS | N
HZB(x,r) K (r r ) O r

which implies that |f (X} =0, for almost every x e R".

Remark 3.7. In the case fD(t):tp, for 1< p <o from Lemmas 3.5 and 3.6 we get the
following well-known results: M p’n(Rn)= Lw(R") and M p'A(R”)= ® for A<0or A>n.
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