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Abstract. In this article, we discussed the third version of weak modified Orlicz-Morrey spaces, 

which is an enlargement of the third version of (strong) modified Orlicz-Morrey spaces. Similar to 

its first version and second version, the third version of strong and weak modified Orlicz-Morrey 

space is considered as a generalization of strong and weak Orlicz spaces and strong and weak 

modified Morrey spaces. This study investigated some properties of the third version modified 

Orlicz-Morrey spaces. AMS Mathematics Subject Classification: 42B20, 42B25, 42B35; 46E30 
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1.Introduction. As is well known, Morrey spaces are widely used to investigate the local 

behavior of solutions to second order elliptic partial differential equations (PDE). Recall that the 

classical Morrey spaces  np RM ,
 and the modified Morrey spaces  np RM ,


 are defined as 

follows: 
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respectively, where      pnrr 1,0,,1min1  . The space  np RM ,
 is an extension of 

the space  np RL  in the sense that    npnp RLRM 0,
 and  nnp RM ,  nRL

. Moreover, 

     npnpnp RLRMRM   ,,


, see [1, 4, 5, 6]. Here and everywhere in the sequel,  rxB ,  is the 

ball in nR  of radius r  centered at x  and   n

nrvrxB ,  is its Lebesgue measure, where nv  is the 

volume of the unit ball in nR .   

By  np RWM ,
 and  np RMW ,


 we denote the weak Morrey space and the weak modified 

Morrey space defined as the set of functions f  in the local weak space  np

loc RWL  for which 
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Orlicz spaces are a generalization of Lebesgue spaces 𝐿1, see [12, 13]. They are useful tools 

to study harmonic analysis and its applications. For example, the Hardy-Littlewood maximal 

operator is bounded on pL  for 𝑝 > 1, see [9, 10] and [2] for more precise statements. On the other 

hand, Morrey spaces was introduced by Ch. B. Morrey to estimate solutions of partial differential 

equations. After that there are many papers about Morrey spaces. For example, the boundedness of 

the Hardy-Littlewood maximal operator, fractional integral operators and smoothness properties of 

solutions of PDE are studied by many mathematicians. 

In [3], the generalized Orlicz-Morrey space  nRM ,
 was introduced to unify Orlicz 

spaces and generalized Morrey spaces. Other definitions of generalized Orlicz-Morrey spaces can 

be found in [11, 14]. In works of [7], generalized Orlicz-Morrey space is the third kind and the 

ones in [11] and [14] are the first kind and the second kind, respectively. Notice that the definition 

of the space of the third kind relies only on the fact that  nRL
 is a normed linear space, which is 

independent of the condition that it is generated by modulars. These spaces are one of the 

important topics in mathematical analysis, particularly in harmonic analysis. There are three 

versions of Orlicz-Morrey spaces, i.e: Nakai’s, Sawano-Sugano-Tanaka’s (Gala et al., 2015 ) and 

Deringoz-Guliyev-Samko’s (Deringoz et al., 2015) versions.  

There are three versions of Orlicz–Morrey spaces. In this article, we focus on the third 

version of the modified Orlicz–Morrey and the weaker modified Orlicz–Morrey spaces, which 

extend the third version of the classical Orlicz–Morrey spaces. As in the first and second versions, 

the third version of the strong and weak Orlicz–Morrey spaces serves as a unifying framework that 

generalizes the strong and weak Orlicz spaces, the strong and weak Morrey spaces, and their 

generalized counterparts. 

In this manuscript, the authors investigate the third version of weak modified Orlicz–

Morrey spaces, which extends the corresponding third version of modified Orlicz–Morrey spaces. 

Similar to the first and second versions, the third versions of both strong and weak modified 

Orlicz–Morrey spaces serve as generalizations of the classical strong and weak Orlicz spaces as 

well as the strong and weak modified Morrey spaces. This study examines several fundamental 

properties of the third version of modified Orlicz–Morrey spaces. 

By A≲B we mean that A≤CB with some positive constant C independent of appropriate 

quantities. If A≲B and B ≲A, we write A ≈ B and say that A and B are equivalent. 

2 On Young functions and Orlicz spaces. We recall the definition of Young functions. 

Definition 2.1. A function     ,0,0:  is called a Young function if   is convex, left-

continuous,     00lim
0




r
r

 and   
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r
r
lim . 

From the convexity and   00   it follows that any Young function is  increasing. If there 

exists   ,0s  such that    s , then    r  for sr  . The set of Young functions such that  

   r0        for        r0  

will be denoted by Y . If Y , then   is absolutely continuous on every closed interval in [0, ∞) 

and bijective from [0, ∞) to itself. For a Young function   and  s0 , let 

    srrs  :0inf1
. 

If Y , then 1  is the usual inverse function of  . We note that 

     rrr   11
   for    r0 . 

It is well known that 
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A Young function   is said to satisfy the 
2 -condition, denoted also as  

2   if 

    0,2  rrCr  

for some 1C . If 
2 , then Y . A Young function   is said to satisfy the 

2 -condition, 

denoted also by 
2 , if 

    0,
2

1
 rkr

C
r , 

for some 1C .  

 A Young function   is said to satisfy the  -condition, denoted also as 

 , if 
      0,,  rtrtCrt  

for some C > 1. 

Note that, each element of  -class is also an element of 
2 -class. 

Remark 2.2. Let  , then we have 

      0,,  rtrtCrt . 

If we set   ut   and   vr   we get           vuCuvvu 1111
, 

   ,11 uvCCuv   since Y  and 1  is concave. 

Definition 2.3. (Orlicz Space). For a Young function  , the set 
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is called Orlicz space. If    prr p 1, , then    npn RLRL 
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Lemma 2.4. [3] For a Young function   and  rxBB , , the following  inequality is valid 
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following. 

Lemma 2.7. Let   be a Young function and B  a set in nR  with finite Lebesgue measure. Then 
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 The following theorem is an analogue of the Lebesgue differentiation theorem in Orlicz 

spaces. 

Theorem 2.8. [8] Suppose that   is a Young function and let  nRLf   be nonnegative. Then 
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If we moreover assume that  , then 
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3 Modified Orlicz-Morrey Spaces 

Definition 3.1. For a Young function   and R , we denote by  nRM ,
 the Orlicz-

Morrey space, defined as the space of all functions  n
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Definition 3.2. For a Young function   and R , we denote by  nRM ,
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Definition 3.3. For a Young function   and R , we denote by  nRWM ,
the weak 

Orlicz-Morrey space, defined as the space of all functions  n
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Definition 3.4. For a Young function   and R , we denote by  nRLM ,
the local 
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Orlicz-Morrey space, defined as the space of all functions  n
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The following statement is true. 
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Now let  nn RMf ,


. Theorem 2.8 implies that   nM
fxf ,   for almost every nRx , 

which means that  
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 . It also follows from the definition of modified Orlicz-Morrey 

spaces that nML
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Therefore, 
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In the following we denote by   the set of all functions equivalent to 0   

on nR . 

Lemma 3.6. Let   be a Young function. If 0  or n  and  , then    nRM ,
. 

Proof. First let 0  and  nRMf , . For all nRx  and 0r  we have 
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Now let n  and  nRMf , . For all nRx  and 0r  we have from Remark 2.2 and 

Theorem 2.8 
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which implies that   0xf , for almost every nRx . 

Remark 3.7. In the case   ptt  , for  p1  from Lemmas 3.5 and 3.6 we get the 

following well-known results:    nnnp RLRM ,
 and   np RM ,ˆ  for 0  or n . 
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